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A new openspin chain hamiltonian is introduced.It is both integrable(Sklyanin’s type K
matricesareusedto achievethis) andinvariantunder14 (sI (2)) transformationsin nilpotent
irreps for r3 = 1. Someconsiderationson thecentralizerof nilpotent representationsand
its representationtheory are alsopresented.
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The mostdirect wayto get into thephysicsassociatedwith quantumgroupsis
certainlythe studyof quantummechanicalsystemspossessinga quantumgroup
symmetry.Someexamplesof this kind arealreadyknown in the contextof one
dimensionalspinchains [1]. The simplestoneis the XXZ spin 1/2chain with

boundaryconditions:

~ (1)

which is invariant underUq (sl(2)) transformations.The integrableversion of
the spin oneHeisenbergmodel with non vanishinganisotropyis the Zamolod-
chikov—Fateevhamiltonian [2]:

HZF =

e-mail: IMTRC59~4~CC.CSIC.ES.Supportedby a PFPI grant of the SpanishMEC.
2 e-mail: SIERRA@CC.CSIC.ES.

~ e-mail: GOMEZC@SC2A.UNIGE.CH.Permanentaddress:IMAFF, CSIC.

0393-0440/93/s06.00 © 1993 — Elsevier SciencePublishersB.V. All rights reserved



454 R. Cuerno et al. / On integrablequantumgroup invariant antiferromagnets

= i=1 + S~S~1+ ~(q
2 + q2)SfSf~

1

- (SfSf~I + S~S~1)
2-~(q2 + q2)(S~Sf~

1)
2

~

+ [~(q2 + q2) - l][(Sf)2 + (Sf+
1)

21. (2)

The hamiltonianH~
1 is given by the logarithmic derivativeof the spin one

R-matrixR~~’)(u) of the affine Hopf algebraUq(sl(
2)). In orderto makethe

ZF hamiltonianinvariant underglobal Uq (sl(2)) transformationsthe following

boundaryterm shouldbe added:
= ~(q2+q2)(S~-S~). (3)

Integrability in a box requires that the Sklyanin reflection operatorsK~(u),
which describethe scatteringwith the wall, obeythe relations [31:

R
12 (u — v )KU) (u)R12(u + v )K~(v)

= K(u)Ri2(u+v)K~
1~(u)Ri

2(u—?’). (4)

Forthe quantumgroup invariant hamiltonianHZF + HB it is nothard to prove

[4] that
EHZF + HB,t(u)1 = 0, (5)

wherethe box transfermatrix 1(u) is definedby

1(u) = Tr(K~(u)T(u)K(u)T~’(-u)) (6)

with K_ satisfying(4) for R the spin oneR-matrix of Uq(sl(
2)) andK~(u) =

K (—u — ii), q = exp‘i. From (5) theintegrabilityof thehamiltonianHZF + HB
follows. The monodromymatrix T(u) in (6) is the onedefinedby the s =

quantumR-matrix of Uq(sl(2)).
In ref. [5] a one parameterfamily of integrabledeformationsof (2) was

definedfor q = c, = 1:
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(7)

w(A) = ~A—’)(A�’ —A~�).

ThehamiltonianH (A) ~ is (up to a constantfactor)thelogarithmicderivative

of the quantumR-matrix R(’U (u) which intertwinesnilpotent representations
of Uq(sl(2)) for q = � [5,6]. Let us recall that nilpotent representationsof

U, (sl(2)) (f3 = 1) are threedimensionalirreducible representationstrans-
forming under the central Hopf subalgebraas E3 = F3 = 0, K3 = A~,with
A a generic complex number. For A = ~2 which correspondsto the spin one
representation,H(A) coincideswith 2(� — �~ )HZF for q = e.

Theproblemwewantto addressin this lectureis thedefinitionof anintegrable
andquantumgroupinvariant versionof (7). Quantumgroup invarianceis easily
obtainedaddingto (7) the boundaryterm:

HB(A) = w2(S~—S
1~). (8)

ThehamiltonianH~L)+ HB(A) coincides,forA = ~2 with 2(�—e
1)(H~+

HB), which is alreadya good indication concerningintegrability. However, to
attain it, we needto check for H(2) + HB(A) the equivalentof eq. (5) with
K now being a solution to (4) for R the quantumnilpotentR1(u)-matrix. The
K-matricesfor the nilpotent RA(u)~matrixare:

K~(u)= . 1

sinhc~.. sinh(rt.. —

x diag(sinh(u+ (~_)5iflh(U+ (~_- —

—sinh(u--t..)sinh(u + v_

sinh(u—~)sinh(u—~+ ti)),

K~(u) = diag(sinh(u+ij—t+)sinh(u—rt+—,7),

— sinh(u + i~+ rt.~) sinh(u — (t~ —

sinh(u-~-s+)sinh(u+i÷ +t~)), (9)

with s~free parametersand ~j = 2mi/3. Note that thesematricespossesspre-
cisely the sameform as thoseusedin ref. [4] to provethe integrability of the
Zamolodchikov—Fateevspin one chain with boundaryterms. Using theseK-
matriceswederivefor H (A) + HB (A) the integrabilitycondition (5) by showing

thatH(A) + HB(A) is proportionalto thesecondderivative,at the point u = 0,
of the box transfermatrix 1(u), for (5~= cxi. Notice the differencewith the ZF
case,wherethe hamiltonianis givenby the first logarithmic derivativeof 1(u).
The reasonsare that in our case,as can be seenfrom (9), t(0) = Tr K+ (0)
becomeszero,andthat Tr(K~(0)H(A)No) ~

1(N)

The nice thing abouta quantum group invariant hamiltonian is that most
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of the properties of the spectrum can be directly derived from representation

theory. So, for instance,for the hamiltonian (1) we know that each energy
eigenvalueis associatedwith a given spin-j irrep of Uq(sl(2)) and that it would
be (2j + 1)-fold degenerate.Thedifferent irrepsthatcanappearin the spectrum
are the onesobtainedby decomposing®N v’/2. Moreover the highestweight
vectorstransformingin a different representationwith the samej will define
irreducible representationsof the centralizerof Uq (sI (2)), which for spin 1/2
is given by the Hecke algebra.In the masslessphase(~q~= 1), the previous
resultsprovide, togetherwith the systematicuseof the finite sizetechnique[7],

the basisfor the quantumgroup interpretationof conformal field theories[81.
A similarstudy can now be done for the hamiltonianH(A) + JJB(A) with the
new featuresbeing associatedto the peculiaritiesof the representationtheory at
roots of unity.

In what follows we will concentrateour analysison the structureof the cen-

tralizer for nilpotent representationsof U
1 (sl(2)). Given a nilpotent represen-

tation VA we define the centralizerC~(f) as the algebraof endomorphisms

g: ~ ®N VA commutingwith the quantumgroupaction. To get the gen-
eratorsof C~(�) we first definethe “braiding limit” of the quantum R-matrix

RAA(u) of the affine Hopf algebraU1 (sl (2)) as follows:

R~= urn R~’~(u)~’2eU~l_~. (10)
I 2

Elements in C~(f) are then generated by

= 1®-®(R~)~,1~10 ol, I = 1 N—I. (11)

Based on the spectral decomposition of R~we will assume that the set of gen-
eratorsg1 is complete. In order to get some insight into the structureof the
centralizerwe will first considerthe case = I. In this casethe nilpotent
representationsare two dimensionalandthe “braiding limit” R-matrix is given
by: (A A—A~ ~ AI) (12)

= ~ + a®a~ + ~A’(~®1) + ~A(1®az) + ~(A—A~)1®1.

This R-matrix hastwo eigenvalues,A and —A~’. The generatorsg1 satisfy the
Heckerelation:

g~=(A—A~’)g~+1. (13)

This meansthat the centralizerC~(i) in the case = e~’
2gives usa repre-

sentationof the HeckealgebraHN (A2). It is well known that for genericq the
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irreduciblerepresentationsof HN(q) are in oneto one correspondencewith ir-

reps of SN, seefig. 1. So we may ask which r~presentationswe get from the
centralizerC~(e).At this point it is worthwhile to recall that the centralizer

c.j
2 (q) for the spin 1/2 representationof Uq (sI (2)) is the quotientof a Hecke

algebraHN (q) by the relation

gjgj~igi+ gjg,~i+ gj~
1gj+ gi + gj~i+ 1 = 0, (14)

which in turn is equivalentto reducingtheallowedYoungtableauxto thosewith
at most two rows.

In this casethe R”
2-matrix which intertwinestwo spin 1/2 irreduciblerepre-

sentationsof Uq(sl(2)) is given by:

R”2 = (~q112 :~2l ) . (15)

This R-matrix hasalsotwo eigenvalues,— I andq, but the main difference with
respectto the R-matrix (12) is that for (12) the multiplicities of the eigenvalues

are 2 and2, while for (15) they are 1 and 3. The latter fact canbe understood
from thedecompositionrule .~ ® = 0+ 1 (irrep 0 hasdimension1 andirrep I is

threedimensional).Moregenerallywe seethatcondition (14) imposesa oneto
onerelationbetweentheirrepsof thecentralizerC~2(q) andthe decomposition
into irrepsof14 (sl (2)) of ®“ V’!2. All this meansthat theBrauer—Weyltheory
alsoappliesto the spin 1/2 representationof 14(51(2)).

For the centralizerC~(�) we now try to follow the samesteps,namelyto see
whichare the allowed Young diagramsin fig. 1 accordingto the decomposition

rules of nilpotent irreps. It was shown in refs. [9,101 that the decomposition
rulesof nilpotent irrepsfor genericvaluesof A aregiven by:

A®A = ~A2f~2’, (16)

where
6N = 1 (N’ = N for N odd and N’ = N/2 for N even). In the case
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of = ei~n!2eq. (16) explainsthe multiplicities (2,2) of the eigenvaluesof the

RA~matrix(12), sinceA®A = A2+ (—A2) andbothA2 and —A2 havedimension
2. Moreoverthe generatorsconstructedout from RA satisfy insteadof relation

(14) the following one:

= e
1 ~,e1 e,~2= 0, (17)

(1±A~’R~1~,)/(l +A~
2),

which impliesthat the allowedYoung diagrams,in the nilpotent case,are those
of “corner” type:

1~~’

(18)

Othergeneralizationsof Heckecanbe seenin ref. [111. The Bratelli diagram
describingthe centralizerC~(� = e1~~/2)is that in fig. 2. We notice that the
Young diagramsof the type (18) arepreciselythe only onesthat contributeto

the Alexander—Conwaypolynomialas shownby Jonesin ref. [12]. We would
also like to mentionthat the R-matrix (12) coincideswith the intertwiner R-

1

1 1

2 2

4 4

Fig. 3.
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1 1

Fig. 4.

matrix for the fundamentalrepresentationof Uq(sl(l, 1)) (with q replacedby
A), which wasusedin ref. [131 in orderto constructtheAlexanderpolynomial.
It has also been found in the context of bosonrepresentationsof 14 (sl(2))

[141. All this seemsto indicatealternativedescriptionsof the nilpotent irreps
ofUf(sl(2)) fore = e~’2.

Comingback to our problem, we can now comparethe Bratelli diagram in
fig. 2 with the onewe derivefrom the decompositionrule (16) in the caseof

e = e~~r’2,shown in fig. 3. It is thenclearthat the diagramsin figs. 2 and 3 can
berelatedundersomeidentifications,as in fig. 4. Wenow facetwo possibilities,
either

— the setof generatorsg
1 given by (11) is not completein the sensethat the

centralizerC~(e) is bigger,or
— the centralizerC~(e) is nothing but the one generatedby the gi’s with

Bratelli diagramgiven by that in fig. 2 andthen the Brauer—Weyltheory is not
working in the standardway for nilpotent representations.
Webelievethat the correctpossibility is the last oneandwe shallpresentcom-

putationalevidencefor this.
We shall considerthe next non-trivial case, 3 = 1; the Bratelli diagramfor

thecentralizeris givenin fig. 5. Let uscomparefor instancelevel 3 of fig. 5 with
the decompositionVA ® VA ® VA depictedin fig. 6. The basisof V’~’ is {e1}~0
and M (e~® e~20 er3) = r1 + r2 + r3. In the figure eachdot standsfor one
of the linearly independentstatesfor eachvalue of M. Dots linked by vertical

/IX!Xl\
3 12321

/IXJ~ix~xi\
4 1367631

Fig. 5.



460 R. Cuernoet al. / On integrab!equantumgroup invariant antiferromagnets

M

o
1

2

: 3

5 E4E5E6 ~

6 E7E8
E9

Fig. 6.

lines are connected by the action of the quantum group generators on the space

V~’® VA 0 ~zA andso they havethe sameenergyeigenvalue.Theyalso sharethe
sameeigenvalueof the quantumgroupgenerator4(3) (K), which is also given
in the figure. We realizethat the different irreps appearingin fig. 5 are one to
onerelatedwith setsof irrepsin fig. 6 possessingthe samevalueof M. In fact

it can be explicitly checkedthat the “braiding” transformationsg, definedby
(11) close in the subspacedefinedby the samevalueof M. From this we can
concludethat if C~(e) is generatedby the gj’s thenBrauer—WeyItheorycannot

be directly appliedto the caseof nilpotent irreps. Certainlythis resultdoesnot
rule out the possibility of additionalgenerators;however,the explicit analysis
of the spectrumof the hamiltonianH(A) + HB(A), presentedin the first part
of this lecture,seemsto indicatethat this is not the case.

For 3 = 1 and a chainof three sites the dependenceson A of the energy
eigenvaluesE, E9 (seefig. 6) of 11(A) + JIIB(A) aregivenin fig. 7. By direct
inspectionof this figure we seethat theenergyeigenvaluescorrespondingto the
sameeigenvalueof M havea similar behaviour.It is worth mentioningthat
the Bratelli diagramsin figs. 2 and 5 can be derived from a modification of
the decompositionrule (16). Indeed if we supplementthe irrep A with a new
quantumnumbern E ~, andconsideringthe fusion rule

(A1,n,) 0 (A2,n2) = ~(A1A2 _

2r~~,+ ~2 + ~ (19)

we then obtain for N’ = 2 and 3 the Bratelli diagramsof figs. 2 and5, respec-
tively.

This newquantumnumbern is quite likely the Casimirof an algebrawhose
representationsare identical to the nilpotent irrepsof U

1 (sl(2)). This is indeed
the caseof N’ = 2 and Tx~,where this algebrais Uq(gl(l, 1)) [151 andU(h4)
[161, respectively.

Summarizingthe contentof this lecture:
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(i) Wehave obtained an integrable quantumgroupinvariantspinchainhamil-
tonian for nilpotentrepresentationsof Uq(sl(2)) at roots of unity.

(ii) We havedefinedthe centralizerfor nilpotent representationsC~(e)and
studiedits representationtheory. It turns out that the irrepsof the centralizer
generatedby the g’s in eq. (11) areone to onerelated(in the case = 1) to
irrepsof SN characterizedby “corner”-typeYoung diagrams.

Manyquestionsremainopen.Among themit would beinterestingto providea
proofthat C~() is in factgeneratedby the“braiding” limit (10) ofthequantum
R-matrix R~(u),andto generalizeto this casethe Brauer—Weyltheory. From
a more speculativepointof view the situationconcerningthecentralizerwe are
facinghereis stronglyreminiscentof theexistencein CFT of extensionsof chiral
algebras[171.

A more detailedpresentationof the contentof this lecture is at presentin
preparation [18].
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